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1. Introduction
Let
∑
an be a given infinite series with partial sums (sn). Let (pn) be a sequence of
positive numbers such that
Pn = p0 + p1 + · · · + pn → ∞ (p−1 = P−1 = 0). (1)
The sequence-to-sequence transformation
tn = 1
Pn
n∑
v=0
pvsv (2)
defines the sequence (tn) of the (N,pn) means of the sequence of coefficients (pn). The
series
∑
an is said to be summable |N,pn, δ|k , k  1, δ  0 if (see [2])
∞∑
n=1
(
Pn
pn
)δk+k−1
|tn − tn−1|k < ∞. (3)
In the special case when δ = 0, |N,pn, δ|k summability is the same as |N,pn|k sum-
mability. If we take pn = 1/(n + 1), k = 1, δ = 0, |N,pn, δ|k is reduced to |R, logn,1|
summability.
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W.T. Sulaiman / J. Math. Anal. Appl. 292 (2004) 340–343 3412. Let f (t) be a periodic function with period 2π and integrable (L) over (−π,π).
Assuming, without loss of generality, that the constant term of the Fourier series of f (t) is
zero, therefore
π∫
−π
f (t) dt = 0 (4)
and
f (t) ∼
∞∑
n=1
(an cosnt + bn sinnt) =
∞∑
n=1
An(t). (5)
Quite recently Bor [2] generalized his previous results [1] by giving the following.
Theorem 1. Let k  1 and δ  0. Let the sequences (pn) and (λn) be such that
Xn = O
(
1
n
)
, (6)
∞∑
n=1
(
Pn
pn
)δk−1
Xkn
(|λn|k + |λn+1|k)< ∞, (7)
∞∑
n=1
(
Pn
pn
)δk(
Xkn + 1
)|λn| < ∞, (8)
∞∑
n=v
(
Pn
pn
)δk−1 1
Pn−1
= O
{(
Pv
pv
)δk 1
Pv
}
, (9)
where Xn = Pnnpn . Then the summability |N,pn, δ|k of the series
∞∑
n=1
An(t)Xnλn (10)
at a point can be ensured by a local property.
3. We prove the following
Theorem. Let k  1 and δ  0. Let the sequences (pn) and (λn) be such that conditions (6),
(7), and (9) are satisfied. Suppose also that
∞∑
n=1
(
Pn
pn
)δk
Xn|λn| < ∞ (11)
where Xn = Pnnpn . Then the summability |N,pn, δ|k of the series (10) at a point can be
ensured by a local property.
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condition (11) is weaker than (8).
Proof of the Theorem. Let (Tn) denote the |N,pn| means of the series (10). By definition,
we have for n 1 via Abels transformation
Tn − Tn−1 = pn
PnPn−1
n∑
v=1
Pv−1AvλvXv
= − pn
PnPn−1
n−1∑
v=1
pvsvλvXv + pn
PnPn−1
n−1∑
v=1
PvsvXvλv
+ pn
PnPn−1
n−1∑
v=1
Pvsvλv+1Xv + pnsnλnXn
Pn
= T1 + T2 + T3 + T4, say.
To complete the proof, by Minkowski’s inequality, it is sufficient to show that
∞∑
n=1
(
Pn
pn
)k−1
|Tj |k < ∞, j = 1,2,3,4.
Applying Hölder’s inequality
m+1∑
n=1
(
Pn
pn
)δk+k−1
|T2|k

m+1∑
n=2
(
Pn
pn
)δk−1 1
Pkn−1
{
n−1∑
v=1
XvPv |λv||sv|
}k

m+1∑
n=2
(
Pn
pn
)δk−1 1
Pkn−1
n−1∑
v=1
XvP
k
v |λv||sv |k
{
n−1∑
v=1
Xv|λv|
}k−1
= O(1)
m∑
v=1
XvP
k
v |λv||sv|k
m+1∑
n=v+1
(
Pn
pn
)δk−1 1
Pkn−1
= O(1)
m∑
v=1
XvPv |λv||sv|k
m+1∑
n=v+1
(
Pn
pn
)δk−1 1
Pn−1
= O(1)
m∑
v=1
(
Pv
pv
)δk
Xv |λv||sv|k
= O(1)
m∑
v=1
(
Pv
pv
)δk
Xv |λv|
(|sv | = O(1)) (12)
= O(1).
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behavior of the Fourier series concerns the convergence for a particular value of x depends
on the behavior of the function in the immediate neighborhood of this point only, this
justifies (5) and is valid. This completes the proof. 
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